Introduction {#Sec1}
============

Rigid body motion has attracted continuous attention since the time of Galileo and Bernoulli, and recently, the subject has generated a renewed interest in differential geometry. $\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{SE}(3)$\end{document}$ is the space of all rigid body motions, and the motions can be described as curves in this space \[[@CR1]\]. In 1989, Noakes, Heinzinger and Paden \[[@CR2]\] derived the equations for the minimum acceleration curve by using positive definite bi-invariant metrics on the rotation group $\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{SO}(3)$\end{document}$. By Noakes et al. \[[@CR2]\], the specification of spline curves was extended to curves in groups associated with robotics. By using left-invariant metrics, Zefran and Kumar \[[@CR3]\] in 1998 used the same acceleration definition for the rigid body as the covariant derivative of the motion, and so the jerk is the second covariant derivative. In 2007, Selig \[[@CR4]\] repeated the analysis by using bi-invariant metrics on the rigid body motion group $\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{SE}(3)$\end{document}$. Since these metrics are not positive definite, the curves specified by differential equations are derived only stationary, not minimal. In 1990, Bottema and Roth \[[@CR5]\] studied a number of spatial motions by using the 4*D* representation of $\documentclass[12pt]{minimal}
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                \begin{document}$\mathrm{SE}(3)$\end{document}$, one of which is the Serret-Frenet motion. Finding the curve with given curvature and torsion functions involves solving a system of differential equations given by the Serret-Frenet relations. This is not straightforward, and solutions are only known in a very few cases as studied by Lipkin \[[@CR6]\] in 2005 and Selig \[[@CR4]\] in 2007. In this work, the ideas of Zefran and Kumar \[[@CR3]\] and Selig \[[@CR4]\] are revisited. Kula et al., in \[[@CR7]\], investigated the relations between a general helix and a slant helix. By using the Serret-Frenet frame in a 3-dimensional Lie group with a bi-invariant metric, the stationary acceleration of the spherical general helix is studied. It is proved that the normal curvature, geodesic curvature and geodesic torsion functions of the curves on a timelike surface in the Minkowsky space are linear.

General helix in a Lie group {#Sec2}
============================

Let **G** be a 3-dimensional Lie group with the bi-invariant metric $\documentclass[12pt]{minimal}
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                \begin{document}$\langle\cdot,\cdot \rangle$\end{document}$. Suppose ∇ is the corresponding Levi-Civita connection. If *g* denotes the Lie algebra of **G**, then the isomorphism $\documentclass[12pt]{minimal}
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                \begin{document}$g\simeq T_{e}\mathbf{G}$\end{document}$ holds, where *e* is the identity element of **G**. As is known, $$\documentclass[12pt]{minimal}
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                \begin{document}$$\bigl\langle X,[Y,Z] \bigr\rangle = \bigl\langle [X,Y],Z \bigr\rangle \quad \text{and}\quad \nabla_{X}Y=\frac{1}{2}[X,Y] $$\end{document}$$ hold for all $\documentclass[12pt]{minimal}
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                \begin{document}$X,Y,Z\in g$\end{document}$. Also, for any $\documentclass[12pt]{minimal}
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                \begin{document}$X,Y\in g$\end{document}$, the vector product $\documentclass[12pt]{minimal}
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                \begin{document}$X\times Y$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle Z,X\times Y \rangle=\det(Z,X,Y) \quad\text{for all } Z\in g. $$\end{document}$$

Definition 2.1 {#FPar1}
--------------

General helix, see \[[@CR8]\], Definition 1
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                \begin{document}$\alpha:I\to\mathbf{G}$\end{document}$ be a parameterized curve, where $\documentclass[12pt]{minimal}
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                \begin{document}$I\subset{\mathbb {R}}$\end{document}$. Then *α* is called a *g*eneral helix if it makes a constant angle with a left-invariant vector field.
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                \begin{document}$\alpha:I\to\mathbf{G}$\end{document}$ is a curve parameterized with arc length and if the Frenet structure of *α* is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$(t,n,b,\kappa,\tau)$\end{document}$, then $$\documentclass[12pt]{minimal}
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                \begin{document}$$\tau_{\mathbf{G}}=\frac{1}{2} \bigl\langle [t,n],b \bigr\rangle . $$\end{document}$$

Theorem 2.2 {#FPar2}
-----------

Lancret, see \[[@CR8]\], Theorem 1

*A curve is a general helix in* **G** *if and only if* $\documentclass[12pt]{minimal}
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                \begin{document}$\tau=c\kappa+\tau_{\mathbf{G}}$\end{document}$, *where* *c* *is a constant*.

Definition 2.3 {#FPar3}
--------------

Left shift, see \[[@CR8]\], Definition 3
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha:I\to\mathbf{G}$\end{document}$ be an arc length parameterized curve. Then a curve $\documentclass[12pt]{minimal}
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                \begin{document}$\beta:I\to g$\end{document}$, where *g* is the Lie algebra of **G**, for which $\documentclass[12pt]{minimal}
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                \begin{document}$\beta'(s)=dL_{\alpha^{-1}(s)}\alpha'(s)$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s\in I$\end{document}$, is called the *l*eft shift of *α*.

Definition 2.4 {#FPar4}
--------------

Spherical curve, see \[[@CR8]\], Definition 4

*α* is called a *s*pherical curve if *β* lies on the unit central sphere, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$s\in I$\end{document}$.

Theorem 2.5 {#FPar5}
-----------

See \[[@CR8]\], Proposition 2

*A curve* *α* *is the spherical general helix with* $\documentclass[12pt]{minimal}
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                \begin{document}$\tau=c\kappa+\tau_{\mathbf{G}}$\end{document}$ *if and only if* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa(s)=\frac{1}{\sqrt{1-c^{2}s^{2}}},\qquad \tau(s)=\frac{c}{\sqrt{1-c^{2}s^{2}}}+ \tau_{\mathbf{G}}. $$\end{document}$$

In the Lie group **G**, a spherical motion is determined by a unit speed space curve $\documentclass[12pt]{minimal}
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                \begin{document}$\alpha(s)$\end{document}$. In the Serret-Frenet motion, a point on the moving body moves along the curve and the coordinate frame on the moving body remains aligned with the tangent *t*, normal *n* and bi-normal *b* of the curve. Using the 4*D* representation of *G*, the motion can be specified as $$\documentclass[12pt]{minimal}
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                \begin{document}$$ G(s)= \begin{pmatrix} R(s) & \alpha(s)\\ 0 & 1 \end{pmatrix} , $$\end{document}$$ where *α* is the curve, and the rotation matrix has the unit vectors *t*, *n* and *b* as columns of $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R= (t\mid n\mid b ). $$\end{document}$$ Set $\documentclass[12pt]{minimal}
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                \begin{document}$x\in\{t,n,b\}$\end{document}$. Now the intrinsic Serret-Frenet formulas are $$\documentclass[12pt]{minimal}
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                \begin{document}$$t'=\kappa n,\qquad n'=-\kappa t+\tau b, \qquad b'=-\tau n, $$\end{document}$$ where *κ* and *τ* are the curvature and torsion functions of the curve, respectively. The Darboux vector $\documentclass[12pt]{minimal}
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                \begin{document}$$t'=\omega\times t,\qquad n'=\omega\times b,\qquad b'=\omega\times n, $$\end{document}$$ see \[[@CR6]\], Section 10.2. This means that $$\documentclass[12pt]{minimal}
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                \begin{document}$$R'=\Omega_{\omega}R $$\end{document}$$ can be written for the $\documentclass[12pt]{minimal}
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                \begin{document}$3\times3$\end{document}$ anti-symmetric matrix $\documentclass[12pt]{minimal}
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                \begin{document}$\Omega _{\omega}$\end{document}$, which is corresponding to *ω*. Since *α* is a unit speed curve, we have $\documentclass[12pt]{minimal}
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                \begin{document}$$V=G'G^{-1} = \begin{pmatrix} \Omega_{\omega} & t-\omega\times\alpha\\ 0 & 0 \end{pmatrix} . $$\end{document}$$ Using the Serret-Frenet relations, the derivative of the velocity can be calculated as $$\documentclass[12pt]{minimal}
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                \begin{document}$$V'= \begin{pmatrix} \Omega_{\omega'} & t'-\omega'\times\alpha\\ 0 & 0 \end{pmatrix} , $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\omega'=\tau't+\kappa'b$\end{document}$. Hence, the second derivative of the velocity is $$\documentclass[12pt]{minimal}
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                \begin{document}$$V''= \begin{pmatrix} \Omega_{\omega''} & -\omega''\times\alpha-\kappa'n\\ 0 & 0 \end{pmatrix} , $$\end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$\omega''=\tau''t+(\tau'\kappa-\kappa'\tau)n+\kappa''b$\end{document}$. Finally, $\documentclass[12pt]{minimal}
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                \begin{document}$$G^{-1}V''G=C $$\end{document}$$ holds, see \[[@CR4]\]. Thus, there exist constants $\documentclass[12pt]{minimal}
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                \begin{document}$$ G^{-1}V''G=C = \begin{pmatrix} 0 & -c_{1} & c_{2} & 0\\ c_{1} & 0 & -c_{3} & -c_{4}\\ -c_{2} & c_{3} & 0 & 0\\ 0 & 0 & 0 & 0 \end{pmatrix} . $$\end{document}$$ By setting up this equation for the two unknowns *κ* and *τ*, the system of differential equations $$\documentclass[12pt]{minimal}
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Theorem 2.6 {#FPar6}
-----------

*The general spherical helix is a stationary acceleration curve in a Lie group* **G** *with the bi*-*invariant metric if and only if* $\documentclass[12pt]{minimal}
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Proof {#FPar7}
-----

Let the curve *α* be a general spherical helix in the Lie group **G**. Then $\documentclass[12pt]{minimal}
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Spherical general helix {#Sec3}
=======================

For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I\subset{\mathbb {R}}$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha:I\to S^{3}$\end{document}$, the unit sphere with the center at origin in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathbb {R}}^{4}$\end{document}$ is an immersed curve in a 3-dimensional real space form. Therefore, any curve on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{3}$\end{document}$ can also be considered to be a curve in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}${\mathbb {R}}^{4}$\end{document}$. In this paper, the goal is to obtain the relationship between the Frenet frame $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(e_{1}\mid e_{2}\mid e_{3}\mid e_{4})$\end{document}$ in 4-dimensional Euclidean space with the curvature functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{i}= \langle e'_{i},e_{i+1} \rangle$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2,3$\end{document}$ and the intrinsic Frenet frame $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(t\mid n\mid b)$\end{document}$ with the curvature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\kappa= \langle t',n \rangle$\end{document}$ and torsion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tau= \langle n',b \rangle$\end{document}$ of the curve *α*. Set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t=e_{1}$\end{document}$. By using the Gauss map of the sphere, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \kappa=\sqrt{k_{1}^{2}-1} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \tau=\frac{k_{1}^{2}k_{2}}{\kappa^{2}} $$\end{document}$$ hold, see \[[@CR9]\].

Theorem 3.1 {#FPar8}
-----------

*A unit speed space curve* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha:I\subset{\mathbb {R}}\to S^{3}$\end{document}$ *parameterized with arc length is a stationary acceleration curve if and only if* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_{1}=\pm\sqrt{(as+b)^{2}+1} $$\end{document}$$ *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_{2}=\frac{(as+b)^{2}(ps+q)}{(as+b)^{2}+1}, $$\end{document}$$ *where* *a*, *b*, *p*, *q* *are constants and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{i}$\end{document}$ *is the* *ith principle curvature of the curve* *α* *for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$i=1,2$\end{document}$ *in* 4-*dimensional Euclidean space*.

Proof {#FPar9}
-----

Suppose *α* is a unit speed space curve on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$S^{3}$\end{document}$. It is known that, in the Frenet-Serret motion, a point on the moving body moves along the curve *α* and the coordinate frame in the moving body remains aligned with the tangent *t*, normal *n* and bi-normal *b* of this curve. By using the 4D representation, the motion can be specified in the form ([2.1](#Equ1){ref-type=""}) such that the corresponding rotation matrix of motion is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$R= (t \vert n \vert b )$\end{document}$. The curve *α* is a stationary acceleration curve if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G^{-1}V''G=C$\end{document}$, where *C* is the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$4\times4$\end{document}$ constant matrix as in ([2.3](#Equ3){ref-type=""}). By substituting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{1}=x$\end{document}$ in ([3.1](#Equ4){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\kappa=\sqrt{x^{2}-1} $\end{document}$ is obtained, and from ([3.1](#Equ4){ref-type=""}), we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\kappa'=c_{4}$\end{document}$. From $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa'=c_{4},\qquad\tau''=c_{3}, \qquad \tau'\kappa-\kappa'\tau=c_{2}, $$\end{document}$$ we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{2} =\tau'\kappa-c_{4}\tau\quad\text{and} \quad 0=\tau''\kappa+\tau' \kappa'-c_{4}\tau'=c_{3}\kappa. $$\end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\kappa\neq0$\end{document}$, we get $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{3}=0$\end{document}$. Hence, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa=c_{4}s+b \quad\text{and}\quad \tau=ps+q. $$\end{document}$$ On the other hand, it is clear that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \kappa=\sqrt{k_{1}^{2}-1} \quad\text{and}\quad \tau=\frac{k_{1}^{2}k_{2}}{k^{2}} $$\end{document}$$ are satisfied. Therefore, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{4}=a$\end{document}$, we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ k_{1}=\pm\sqrt{\kappa^{2}+1}=\pm \sqrt{(as+b)^{2}+1} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ k_{2}=\frac{\tau\kappa^{2}}{k_{1}^{2}}=\frac{\tau\kappa^{2}}{\kappa^{2}+1} = \frac{(as+b)^{2}(ps+q)}{(as+b)^{2}+1}, $$\end{document}$$ and by using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{3}=0$\end{document}$, we get $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G^{-1}V''G=C = \begin{pmatrix} 0 & 0 & c_{2} & 0\\ 0 & 0 & 0 & -c_{4}\\ -c_{2} & 0 & 0 & 0\\ 0 & 0 & 0 & 0 \end{pmatrix} , $$\end{document}$$ where *C* is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$4\times4$\end{document}$ constant matrix such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{2}$\end{document}$ satisfy the stationary acceleration condition of *α*. Conversely, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{1}$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k_{2}$\end{document}$ satisfy ([3.4](#Equ7){ref-type=""}) and ([3.5](#Equ8){ref-type=""}), then, from ([3.1](#Equ4){ref-type=""}) and ([3.2](#Equ5){ref-type=""}), we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\kappa=as+b$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\tau=ps+q$\end{document}$. Thus, from ([2.2](#Equ2){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$G^{-1}V''G$\end{document}$ is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$4\times4$\end{document}$ constant matrix, and so *α* is a stationary acceleration curve. □

Curves on a timelike surface {#Sec4}
============================
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Theorem 4.1 {#FPar10}
-----------

*A curve on the timelike surface in Minkowski space is a stationary acceleration curve if and only if its normal curvature*, *geodesic curvature and geodesic torsion are linear functions*.

Curves on Minkowski spacetime {#Sec5}
=============================
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Theorem 5.1 {#FPar11}
-----------

See \[[@CR10]\], Theorem 3.1
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Theorem 5.2 {#FPar12}
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Results and discussion {#Sec6}
======================

In this paper, it is proved that the general spherical helix is the stationary acceleration curve in a Lie group with a bi-invariant metric if and only if its curvature is unit and torsion is linear. The relationship between the Frenet elements of the stationary acceleration curve in 4-dimensional Euclidean space and the intrinsic Frenet elements of the Lie group is obtained. In other words, the necessary and sufficient conditions for stationary acceleration of unit speed spherical curves are studied, and as a consequence, the corresponding curvature and torsion of these curves are derived.
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